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a b s t r a c t
Given a combinatorial designDwith block setB, its traditional block-intersection graphGD
is the graph having vertex set B such that two vertices b1 and b2 are adjacent if and only if
b1 and b2 have non-empty intersection. In this paper, we consider the S-block-intersection
graph, in which two vertices b1 and b2 are adjacent if and only if |b1 ∩ b2| ∈ S. As our
main result, we prove that {1, 2, . . . , t − 1}-block-intersection graphs of t-designs with
parameters (v, t + 1, λ) are Hamiltonian whenever t > 3 and v > t + 3, except possibly
when (v, t) ∈ {(8, 5), (7, 4), (7, 3), (6, 3)}.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A t-(v, k, λ) design consists of a set V of v points and a set B of k-subsets of V called blocks, such that each t-subset
of V is contained by exactly λ blocks of the design. A 2-(v, k, λ) design is known as a balanced incomplete block design
BIBD(v, k, λ), and a 2-(v, 3, λ) design constitutes a λ-fold triple system.
Traditionally, the block-intersection graph of a design D = (V ,B) is the graph having B as its vertex set where two
vertices b1 and b2 are adjacent if and only if b1 ∩ b2 6= ∅. A variation on this is the i-block-intersection graph, in which b1
and b2 are adjacent if and only if |b1 ∩ b2| = i. We offer as a further generalisation the S-block-intersection graph, in which
b1 and b2 are adjacent if and only if |b1 ∩ b2| ∈ S, where S is a set of positive integers.
The first results concerning cycle properties of block-intersection graphs date back to the 1980s and establish that
the traditional block-intersection graph of any BIBD(v, k, λ) with v > 4λk4λ−1 is Hamiltonian [7]. Subsequent results have
considered even more general scenarios (such as pairwise balanced designs) [3,5] as well as stronger results (such as the
property of being pancyclic) [1–3,8]. Of special interest to us is the result that every λ-fold triple system on v > 12 points
has a Hamiltonian 1-block-intersection graph [6].
In this paper we generalise this result to the setting of S-block-intersection graphs of t-(v, t + 1, λ) designs, where we
focus on the case of S = [t − 1] = {1, 2, . . . , t − 1}. In recognition of Luc Teirlinck, who was instrumental in showing that
for arbitrary t there exist infinite families of t-(v, k, λ) designs for which k = t + 1 [9,10], we will refer to a t-(v, t + 1, λ)
design as a Teirlinck designwith parameters (t, v, λ), denoted as a T(t, v, λ) design.
2. Preliminaries
For each i = 0, 1, . . . , t , let λi denote the number of blocks of a t-(v, k, λ) design (V ,B) that contain all i points of an
arbitrary i-subset of V . Then
λi
(
k− i
t − i
)
= λ
(
v − i
t − i
)
(1)
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and hence in a T(t, v, λ) design we have
λi(t − i+ 1) = λ
(
v − i
t − i
)
. (2)
Note that λ0 = |B|, λ1 = r , the replication number of the design, and λ = λt .
Recall that when t = 2, a T(t, v, λ) design is a λ-fold triple system, so it follows from [6] that, when v > 12, the [t − 1]-
block-intersection graph is Hamiltonian. Knowing this, we focus our attention onT(t, v, λ) designs for which t > 3. In order
to show that these designs have Hamiltonian block-intersection graphs, we will use a theorem of Chvátal and Erdős:
Theorem 1 ([4]). If the connectivity κ(G) of a graph G is at least the independence number α(G) of G, then G is Hamiltonian.
3. Main results
Lemma 2. Let t > 3. If GD is the [t − 1]-block-intersection graph of a T(t, v, λ) design D, then α(GD) 6 λv2 . Moreover, if
v 6 2t + 1 then α(GD) 6 λ(t+2)2 .
Proof. Let D = (V ,B) be a T(t, v, λ) design, GD its [t − 1]-block-intersection graph, and I ⊂ B be an independent set of
vertices in GD. Choose x0 ∈ V , and consider howmany blocks of I contain the point x0. Any two such blocks must overlap in
either t or t + 1 points, since otherwise the vertices would be adjacent. Choose one such block, b = {x0, x1, . . . , xt}. Define
C0 as the set of copies of b in I , and Ci as the set of blocks in I which intersect with b everywhere except at xi, for 1 6 i 6 t .
For convenience let ci = |Ci|. The following inequalities follow:
• For any positive i 6 t , c0 + ci 6 λ. This comes from the fact that the blocks in C0 ∪ Ci all have t common points (i.e. all
points except for xi).
• For any distinct positive i, j 6 t , ci + cj 6 λ. Because the blocks of Ci ∪ Cj form an independent set of vertices in GD, any
pair of blocks, one from Ci and the other from Cj, must agree in at least t points. Since {x0, x1, . . . , xt}− {xi, xj} gives t−1
points of commonality, and neither xi nor xj can be the final point, theremust be some other point z common to all blocks
in this union.
We now have a collection of t + ( t2 ) inequalities, the sum of which yields:
t∑
i=0
tci 6 λ
(
t + 1
2
)
(3)
or
t∑
i=0
ci 6
λ(t + 1)
2
. (4)
If we now sum over all v points, and divide by k = t + 1 to account for multiply counting each block of I , then |I| 6 λv2 .
If I does not contain a pair of disjoint blocks (as is the case when v < 2t + 2) then each block of I shares either t or t + 1
points with b; if the latter then the block is in C0. Let C−1 denote the set of blocks of I that share exactly t points with b,
but not the point x0. As above, we now obtain the additional inequalities of ci + c−1 6 λ for each i such that 0 6 i 6 t . By
summing all t + 1+
(
t+1
2
)
inequalities that we now have, we find that
t∑
i=−1
ci 6
λ(t + 2)
2
. (5)
Given that I contains no pair of disjoint blocks, then I is the disjoint union I =⋃· ti=−1 Ci and hence |I| =∑ti=−1 ci 6 λ(t+2)2 .

Observe that if v = t + 1, then all blocks of a T(t, v, λ) design are clones of a single block b = V and hence its [t − 1]-
block-intersection graph has no edges. Likewise if v = t + 2 then each pair of blocks either has t + 1 or t points in common
and so there would be no edges within a [t − 1]-block-intersection graph. Hence, we consider v > t + 3, for which we now
present our main result.
Theorem 3. If GD is the [t − 1]-block-intersection graph of a T(t, v, λ) design D such that t > 3 and v > t + 3, then GD is
Hamiltonian except possibly when (v, t) ∈ {(8, 5), (7, 4), (7, 3), (6, 3)}.
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Proof. Case 1. Initially we consider the case of t > 4. Our goal will be to show that κ(GD) > α(GD) and sowe begin by letting
C be a cut-set in GD that separates two vertices, say b = {x0, x1, . . . , xt} and b′ = {y0, y1, . . . , yt}. Since these two vertices
cannot be adjacent, thus |b ∩ b′| ∈ {0, t, t + 1}.
Subcase 1. Assume that b and b′ are disjoint (i.e. xi 6= yj for all i, j).
If v > |b ∪ b′| = 2t + 2, then there is a point z which is contained in neither b nor b′. There are exactly λ3 blocks
which contain all of x0, y0, and z; each such block is adjacent to both b and b′ and hence must be in C . Similarly, each block
containing the points x1, y0 and z must be in C , yielding |C | > 2λ3 − λ4.
Now suppose that v = |b ∪ b′| = 2t + 2. By observing that each of the blocks that contains all four of the points x0, x1,
y0 and y1 is adjacent to both b and b′, we know that |C | > λ4. When t > 6, we are now able to show that |C | > α(GD) since
λ4 >
λv
2
⇐⇒ λ(2t − 2)!
(t − 3)!(t + 2)! >
λ(2t + 2)
2
⇐⇒
(
2t − 2
t − 3
)(t−4∏
i=3
t + 1+ i
i
)(
t + 3
2
)
> t + 1
⇐⇒
(
t − 1
t − 3
)(t−4∏
i=3
t + 1+ i
i
)
(t + 3) > t + 1,
which clearly holds.
If v = 2t + 2 and t = 5, then we observe that not only does C contain each block with all four of the points x0, x1, y0 and
y1, but C also contains each block with the four points x2, x3, y2 and y3. Since k = t + 1 = 6, no block can contain both sets
of four points and hence |C | > 2λ4 = 8λ > 6λ = λv2 > α(GD).
If v = 2t + 2 and t = 4, then C must contain each block that contains any of the following sets of four points:
{x0, x1, y0, y1}, {x0, x1, y2, y3}, {x0, x2, y0, y3}, {x2, x3, y0, y1}, {x2, x3, y2, y3}. Since each pair of these sets of points has at
least six distinct points, then each set will yield a distinct set of λ4 blocks in C . Hence |C | > 5λ4 = 5λ = λv2 > α(GD).
Subcase 2. If b and b′ agree in all but one point, we may suppose that xi = yi for all i > 0 but that x0 6= y0. Given that
v > t + 3, then there exists a point z that is not in either block. It follows that C contains all λ3 blocks that contain each of
x0, y0 and z and hence |C | > λ3. If it should be the case that v > t + 4, then there would exist another point z ′ 6= z that is in
neither b nor b′; C would contain every block having each of x0, y0 and z ′, yielding |C | > 2λ3 − λ4.
Subcase 3. If b and b′ are clones (i.e. xi = yi for all i), then, since v > t + 3, there exist two points z and z ′ not in b; all
λ3 blocks containing x0, z, and z ′ are adjacent to both b and b′ and hence are members of C . It follows that C contains all λ3
blocks that contain each of x0, z and z ′ and hence |C | > λ3. Moreover, |C | > 2λ3 − λ4 since C also contains every block with
each of the points x1, z and z ′ (λ4 of which also contain x0).
In each subcase we have established either that |C | > α(GD) or else that |C | > λ3. Moreover, if v > t+4 then in addition
to the bound |C | > λ3 we have the stronger bound |C | > 2λ3 − λ4.
Suppose now that v > 2t . Since t > 4, it follows that v > t + 4 and so either |C | > 2λ3 − λ4 or else we have already
determined that |C | > α(GD). If t = 4, then |C | > 2λ3 − λ4 = λ(v − 4) > λv2 > α(GD). If t > 5 then, v > 2
t−4(t−1)
2t−4−1 , or
equivalently 2t−4λ
(
v−t+1
2
)
> λv2 , and hence
|C | > λ3 = λ(v − 3)!
(t − 2)!(v − t)!
= λ(v − 3)(v − 4) · · · (v − t + 1)
(t − 2)(t − 3) · · · (1)
= λ
(
v − t + 1
2
)(t−3∏
j=2
v − j− 1
t − j
)
> λ
(
v − t + 1
2
)(t−3∏
j=2
2t − j− 1
t − j
)
> 2t−4λ
(
v − t + 1
2
)
>
λv
2
,
which implies that |C | > α(GD).
If v < 2t , then α(GD) 6 λ(t+2)2 . To show that |C | > α(GD) it suffices to show that λ3 > λ(t+2)2 . Observe now that
λ3 >
λ(t + 2)
2
⇐⇒ λ(v − 3)!
(t − 2)!(v − t)! >
λ(t + 2)
2
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⇐⇒ (v − 3)(v − 4) · · · (t + 1)(t)(t − 1)
(v − t)! >
t + 2
2
,
which clearly holds whenever v > t + 5.
However, if v = t + 4, then λ(v−3)!
(t−2)!(v−t)! >
λ(t+2)
2 if and only if
(t+1)!
(t−2)!4! >
t+2
2 , which holds for all t > 5. Fortunately, when
v = t + 4 and v < 2t , it is indeed the case that t > 5.
Now, suppose that v = t + 3 < 2t . Since λ(v−3)!
(t−2)!(v−t)! >
λ(t+2)
2 whenever t > 6, we are left with the two exceptional
scenarios of (v, t) = (8, 5) and (v, t) = (7, 4).
Case 2. Having concluded the case for which t > 4, we hereafter assume that t = 3. Now let C be a cut-set in GD that
separates a component A of GD − C from D = (GD − C) − A. Let VA = ⋃b∈A b and VD = ⋃b∈D b. We now consider two
subcases, depending on whether VA ∪ VD contains each point of V .
Subcase 1. Suppose V = VA ∪ VD.
As the first of two possibilities, suppose that VA ∩ VD 6= ∅ and let x ∈ VA ∩ VD. Hence there exists a block b ∈ A such
that x ∈ b and a block b′ ∈ D such that x ∈ b′. Since b and b′ are separated by C , b and b′ cannot be adjacent and thus
|b ∩ b′| ∈ {3, 4}. Also, each vertex of GD that is adjacent to both b and b′ must be in C , so we now count the common
neighbours of b and b′.
If |b ∩ b′| = 4 then we may assume that b = {x0, x1, x2, x3} = b′. Any block that contains at least two points of
b but does not contain three or four points of b will be in C . If we let ` denote the number of copies of b in B, then
|C | > 6(λ2 − 2λ3 + `) > 3λ(v − 2)− 12λ, which is greater than or equal to λv2 if and only if v > 8.
If, however, |b ∩ b′| = 3 then we may assume that b = {x0, x1, x2, x3} and b′ = {x1, x2, x3, x4}. Again we wish to count
common neighbours of b and b′. Any block that contains exactly one of the points x1, x2 or x3 will be adjacent to both b and
b′; the number of such blocks is precisely 3(λ1 − 2λ2 + λ3). It follows that |C | > λ(v−1)(v−2)2 − 3λ(v − 3), which is at least
λv
2 whenever v > 8.
For the second possibility, suppose that VA ∩ VD = ∅. Then for each point y ∈ VA and each point z ∈ VD, any block that
contains both y and z must be in C . Thus |C | > λ2|VA‖VD|4 > min46γ6v−4 λ2γ (v−γ )4 = λ2(4)(v−4)4 = λ(v−2)(v−4)2 , which is at least
λv
2 whenever v > 6.
Subcase 2. Suppose VA∪VD ⊂ V and let x ∈ V−(VA∪VD). Each block containing xmust be in C and so |C | > λ1 = λ3
(
v−1
2
)
,
which is at least λv2 for all v > 6.
In each case we find that |C | > λv2 > α(GD)whenever v > 8. 
4. Discussion
We leave as an open problem the consideration of S-block-intersection graphs for which S is a subset of [t + 1] other
than [t − 1]. In particular, the question of [m]-block-intersection graphs seems interesting: how low can m be while still
guaranteeing Hamiltonicity?
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